We show that if the commutator subgroup of a 2-knot group is abelian but not finitely generated, then it is isomorphic to the additive group of dyadic rationals, thus eliminating the one possibility left open in recent work of Yoshikawa. It follows that the examples given by Cappell and Fox provide a complete list of metabelian 2-knot groups.
In [4] we showed that if the commutator subgroup of the group of a 2-knot is finitely generated abelian, then it must be isomorphic to Z3 or finite cyclic of odd order. Yoshikawa [10] has shown that if the commutator subgroup is abelian but not finitely generated then it must be isomorphic to the dyadic rationals D = Z [j] or to D © (Z/5Z). We shall give a somewhat different argument which shows that only D can occur. To complete the determination of the metabelian 2-knot groups we need to know how the meridians may act by conjugation on the commutator subgroup. In [4, 5] it is shown that if the commutator subgroup is Z3 then the meridian action is given by a matrix with positive determinant, while Färber [2] showed that if the commutator subgroup is odd cyclic then the meridian action is inversion. It is easily seen that (up to change of orientation) the only possible meridian action on D is multiplication by 2. Thus the examples due to Cappell [1] for the case Z3 and to Fox [3] for the cases Z/(2« + 1)Z and D exhaust the possible metabelian 2-knot groups.
Let K: S2 -» 5"* be a 2-knot with group G = ttx(S4\K(S2)), and let Y be the closed 4-manifold obtained by surgery on K. (Thus Y has fundamental group G.) Suppose that the commutator subgroup G' is abelian, but not finitely generated. Then G' is a finite extension of D, by [6 or 10] . In particular the torsion subgroup T of G' is finite, and so G' ~ D ffi T as an abelian group [8, p. 106] . A choice of meridians for K determines an isomorphism Z[G/G'] * A = Z[t, t~l] and hence a A-module structure on G'. Although T is a submodule of G', we do not know a priori whether it is a module direct summand. For p a prime, let r be the dimension of T/pT as a vectorspace over the prime field F . We shall use the following injectivity property of cup product together with Milnor duality to estimate these dimensions.
Lemma. Let A be an abelian group and F a field such that char F # 2, considered as a trivial A-module. Then the map Hl(A; F) A Hl(A; F) -» H2(A; F) induced by cup product is infective.
Proof. The first three cohomology groups for a group G with coefficients in a ring R which is trivial as a C7-module may be computed as: H°(G; R) = R, H\G; R) = Hom(G\ R) and H2(G; R) = [F: G2 -» R\F(h, j) -F(gh, j) + Z) is finite, when G' is abelian.) Therefore D ® T is odd cyclic and so r < 1 for all odd p. But then we must have r = 0 for all odd p, and so T is a 2-primary group. Since T A T must also be odd cyclic, it must be trivial and so T is itself cyclic. But since T is a A-submodule of a knot module it must admit an automorphism t such that í -1 is also an automorphism, which is impossible if T is cyclic of even order. Therefore T = 0 and so G' * D.
Remark. In subsequent work on 2-knot groups [6] the author has shown that if G is solvable and either torsion free or constructible (e.g. if G' is nilpotent) then either G is torsion free polycyclic of Hirsch length 4 and orientable type or G' is finite (cf. [4] ) or G is Fox's group. Moreover if G' = Z3 then the exterior of the knot is determined up to homeomorphism by G alone.
